stichting
mathematisch

centrum

AFDELING NUMERIEKE WISKUNDE NW 58/78
(DEPARTMENT OF NUMERICAL MATHEMATICS)

J.G. VERWER
THE APPLICATION OF ITERATED DEFECT CORRECTION TO
THE LOD METHOD FOR PARABOLIC EQUATIONS

Preprint

2e boerhaavestraat 4

MC

JGUSTUS

nsterdam




Printed at the Mathematical Centre, 49, 2e Boerhaavestraat, Amsterdam.

The Mathematical Centre, founded the 11-th of February 1946, is a non-
profit institution aiming at the promotion of pure mathematics and its
applications. 1E is sponsored by the Netherlands Governmment through the
Netherlands Organization for the Advancement of Pure Research (Z.W.0).

)S) subject classification scheme (1970): 65L05, 65M05, 65M20.




‘he application of iterated defect correction to the LOD method for

)
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BSTRACT

The paper is concerned with the numerical solution of the imitial
oundary value problem for a class of multi-dimensional parabolic partial
lifferential equations. In particular the time-integration of semi-discrete
quations is investigated. An attempt is made to develop integration formulas
ieing computationally attractive and of high accuracy, while possessing
mconditional stability properties. To that end iterated defect correction
s applied to the LOD method. The convergence properties of this process

re investigated. Numerical experiments are reported.
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TRODUCTION

Let 9 denote a bounded and path-connected region in the k-dimensional
..,xk)-space with sides parallel to the coordinate axes. Let &0 be the
ary, and consider the parabolic partial differential equation of the

inear type

ed in the product set (0,T] x Q. Let a boundary condition be given in

orm
a(t,xl,...,xk)u + b(t,xl,...,xk)un = c(t,xl,...,xk),

""’Xk) e (0,T] x &9, u normal derivative, and assume an initial

ion is given at t = 0. In this paper we are concerned with the numeri-
olution of this initial boundary value problem when brought in an

cit, semi-discretized form, i.e., we primarily discuss the numerical

ration of the system of ordinary differential equations
y' = £(t,y), te (0,T], y(0) =y,

. obtained from discretizing the space variables in (1.1) - (1.2). In

cular it is assumed that f satisfies the linear splitting relation L[10]

k
f(t’Y) = z fi(t9Y):

.

i=1

» each splitting function fi approximates the operator Fi’ which contains
¢sace derivatives with respect to the variable X . This assumption can
's be satisfied by semi-discretizing on a rectilinear grid with grid

; parallel to 8Q. It is further assumed that in each direction we have
oint coupling at internal grid points and a 2-point coupling at points
sst to the boundary. This can be achieved by using 3-point symmetrical
;e differences at internal grid points and 2-point or 3-point non-

strical finite differences at the other points [7]. In many cases it is




lso possible to satisfy our assumption with a finite element semi-
escritization [2].
The paper has been written in order to investigate the application of

terated defect correction [3, 9] to the locally one-dimensional splitting
ormula [10, 14]

Y(O) = Yy
1.5) Vi) = Y-t Tfi(t\)‘+]’y(i))’ i=1(Dk,
Yoel T ()
1 this one-step integrétion formula 1 = tv+1-_tv denotes the steplength

ad v, denotes an approximation to the exact solution y(t) of (1.3) at

=t . It is easy to see that the order of consistency of (1.5) is equal

> 1 for every splitting (1.4). Observe that if k = 1, (1.5) reduces to the
nplicit Euler formula. For clarity, throughout the paper parenthesized
tbindices refer to intermediate results and not to approximations at step
»ints t,-

The purpose of the investigation is to find integration formulas for
rstems (1.3) - (1.4), which are more accurate than the LOD formula (1.5)
1d which possess its attractive unconditional stability property [10, 147,
» well as its advantage of being computationally attractive (per integra-
.on step). The idea of iterated defect correction, when applied to (1.5?,
ty lead to such integration formulas.

In our investigation we adopt the approach followed by Frank &
‘berhuber [3]. They investigated iterated defect correction for the
ficient solution of stiff systems. Their basic formula is implicit Euler.
.cause our splitting formula is closely related to implicit Euler,

ny of their results carry over.
SOME PRELIMINARIES CONCERNING THE SPLITTING FORMULA

For future reference we discuss some properties of the splitting

rmula (1.5). When applied to linear systems (1.3), i.e.
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For the linear system

k
2.7) y'=Jdy +d(t), J= ) J,
2.6) reduces to

2.8) y = R[yv-FTd(t ) 1.

v+1 v+1

bserve that if the implicit Euler method is applied to (2.7), we have

2.9) Yoo =(1—nn‘%yv+rdu ).

v+ v+1

ecause of the fact that d(t) is added to the first splitting function fl
2.8) and (2.9) only differ in the amplification matrix.
In case of non-linear problems the calculation of y(i), i=1(1)k, 1
ormula (1.5), or (2.6), involves the solution of a system of non-linear
quations. In actual applications it is of no use to solve these systems
ery accurately, as the LOD formula is only of first order. At each stage
we perform 1 Newton-type <teration with predictor Y (i-1)" Formula (1.5

5 then replaced by

Y(O) = Y\),
S .
2.10) y(i) = y(i-l) + T(I"TJi) fi(tv+l’y(i—l))’ i=1(1)k,
Yo+l T Y (k)

1ere ji are tridiagonal matrices approximating the partial derivatives
fi/ay at the point (tv’yv)' A similar formula then replaces (2.6). If th
coblem is linear, i.e. Bfi/ay constant, Ji is always assumed to be equal
) this constant derivative. We now proceed with formula (2.10), and the
milar formula replacing (2.6). Formula (2.10) is also first order con-

.stent, and is identical to (1.5) for linear equations (2.1).
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G FORMULA

ribe the IDEC for the splitting formula
e are clearly discussed in [3]. For
ion.

quired on the interval [0,T]. Introduce
]], not necessarily equidistant, where

integer imax' We now restrict the dis-

H]], on which we define the equidistant

= 1(1)m,

ns we do not consider values of m > 4.

x of the IDEC. The process then consists

ormula (2.10) to (1.3) on the grid (3.1)
2] of approximation vectors ng. The

hus defined by the scheme

) °f i = 1(1k,

i Corrr¥ i1y

Ie)y,

mial of degree <m interpolating nJ, i.e.




and compute the defects
3.5) ale) = @H' () - fe,nd), v =1,

. Apply the splitting formula (2.10) on the grid (3.1) to the initial

value problem

3.6) y' = £(6,y) + d(e), £ > 0, y(0) =y,
to obtain the row 1 = [ﬂé,...,ﬂi]- Thus the vectors wi are defined by
2] _ 3] j N
w(]) L +.T(I TJI) [f](tT+1,nV) +d (tv+1)]’
- - = -1 - .
3-7) 1‘)(1) - lli(l_l) + T(I'—TJi) fi(t\)_'_lslp(i_]))s 1= 2(1)1{,
ﬂj = @ v = 0(1)m—1
v+1 k)’ ’
where ﬁj = y..
o 0 ]
Improve, i.e. compute the (j+1)-th approximation row n3 by

j+1 ]

3.8) n = no +n’ - m.

Increase j and proceed with 2¢.

We apply the local connection strategy [3], i.e., after the last itera-
ion step on [O,Hlj we simply repeat the whole process on [HI,HZJ, and so
n.

The polynomial Pj(t) need not to be calculated explicitely. Its value
.gd derivative va%ues are only required at step points t,s where Pj(tv) =
i. The values (PJ)'(tv) are easily determined from differentiation of

agrange's formula [1, p. 878]. In our case we obtain weighted sums of the

ype

. m .
3.9) @)1 (e) = 1 ! KZO w P ), v = 1(1)m,




onstant. For m < 4 these weights are given in [1, p. 914].
E FIXED POINT OF THE IDEC

Again we consider the IDEC on the first subinterval [O,Hl]. Its fi
is characterized by the following theorem which is the analogy of

em 4.1 in [3]:

EM 4.1. Let n; = Yq- The row n~ = [no,...,nm] 18 a fixed point of
based on the splitting formula (2.10), Zff

d*(tv) =0, v=1(mn,

d"(t) = @) (t) - £(t,P (1)),

*(t) interpolates n".

roof of this theorem is analogous to the proof of the correspondin
em in [3]. The fact that our IDEC is based on formula (2.10), aﬁd
plicit Euler, is of no importance for the proof.

From this theorem it follows that if the IDEC is iterated until co
nce, we in fact apply the polynomial collocation method correspond
e step points (3.1), which, in turn, may be interpreted as the ful

21t Runge—Kutta method (see e.g. [5, 13] and appendix 1 of [12])

m
* - *
n,=yy *t T ) wo ECEn ), v = 1(m.
k=1
sefficient matrix W = (w ) is the inverse of the weight
vk’ v,k=1(1)m

\%

N _ . If m 1, methods of this type are also called bloc
vk’ v,k=1(1)m .

is. Each result n, is m~th order consistent, i.e. the local trunca
s are of order m+l in 7. If m = I, (4.1) represents the implicit E
d. An important feature of these methods is that they possess attr
stability properties for the integration of semi-discrete paraboli

ions. When applied to the stability test-model




4.2) s' = 2s, t >0, s(0) = Sg» A e C,

*
ach scalar n, can be expressed as

*
4.3) n, = ¢v(z)so, Z = mTA,

) being a rational function satisfying

b.4) ¢v(z) ~ 1/z, Re(z) » =,

A

1e stability function of the method is ¢ - Stability regions {z ¢ C]I¢m(z)|
1} for m < 10 are given in fig. 6 of [3]. All regions contain the whole
:gative axis and the greater part of the negative half-plane. In case of
arabolic equations the A-values are usually situated in a long narrow

trip around the negative axis. As a consequence, formulas (4.1) possess un-
>nditional stability properties for semi-discrete parabolic equations. The
ict that ¢V(z) ~ 1/z, Re(z) - —», is of importance for the convergence of

1e IDEC. We return to these points in section 6.
» THE ORDER OF CONSISTENCY OF THE ITERATES

General results concerning the order of consistency of IDEC iterates
)r one-step Runge-Kutta methods are given in Frank & Ueberhuber [4]. They
10w that if the order of consistency of the basic method is equal to p,
1e order of each IDEC iterate ni equals min(p(j+1),m). Hence, if p = 1, the
‘der of consistency equals min(j+1,m). The results of Frank and Ueberhuber
‘e proved using the theory of asymptotic expansions. If m is not too large,
ty m < 4, it is feasible to obtain this result in a more direct way, viz.
' using elementary Taylor expansions. In this way it can be shown that if
te basic formula is (2.10), the order of consistency of ni is also equal
» min(j+l,m), v = 1(1)m. We did not investigate whether the theory of

‘ank and Ueberhuber can be used in our situation.




NVERGENCE OF THE IDEC

We investigate the convergence for linear equations of the type (2.1),

]

y' =Jdy, J=
i

Ji.
1

I &

. we consider the IDEC on the first subinterval [O,Hl]. When applied to
, the IDEC may then be interpreted as the recurrence relation

e L e

" . ~j j j T .
he vector of approximation vectors nJ = [n{,...,ni] , where V is a
:ant m-block vector of length mn and S a constant mxm-block matrix of

:mn, if n is the order of J.

\ 6.1. Let R be given by (2.3). Let Sy 1 £ v,k < m denote the (v,k)-th
¢ of S and Vs V= 1(1)m, the v-th block of V. Then

n v+1-
S = - z w R u, 1 £v <k <mn,
VK UK
u=1
M v+1- V1=K
) s =6 I- ) w R H+nr J, 1 £k <vsm,
VK VK - MK
u=1
4 v+1-u
Vv = - z w R H
v L= uo 0

2 6VK 8 the Kronecker-symbol and the weights W are given in (3.9).

>roof of this lemma is completely analogous to the proof given in [3,

adix 1]. Obviously, we have convergence if the spectral radius
) o(S) < 1.

2 able to investigate this spectral radius in a systematic way, we now

se the additional restrictions:




1°. The matrices Js share the same eigensystem.
3.5) o
2 . The matrices J; are symmetric and negative definite.

1 fact, we now consider the test-model being usually investigated in the
tability analysis of splitting methods [101].

Let X denote the eigensystem of J, and let A and Ai be the diagonal
itrices of eigenvalues of J and Ji’ respectively, i.e.

- k - -
5.6) A=Y A, J=xx7, Ji=x1\ixl.

rom (6.6) it follows that

5.7) s = Xs%°!,

being the mxm-block diagonal matrix conéiéting of the blocks X, and S the
m-block matrix consisting of the m2 diagonal blocks gvK = X_ISvKX,

Kk = 1(1)m. The diagonal blocks SvK are in fact defined by (6.3), if in

1e expressions J is replaced by A. Hence, if ) denotes an eigenvalue of J,

1en
,.8) o(S8) = 0(8) = max o(E,),
A

‘ being the mxm-matrix defined by expressions (6.3), if J is replaced by A

id the matrix (2.3) by the scalar expression

k
: =1
1.9) R(TKI,...,TKk) = _ﬂ (1 —TAi) s
i=1
lere Ai is the corresponding eigenvalue of Ji’ i.e. A = A1+ ...+-Ak. For a

.ven A, the eigenvalues Al,...,Ak are defined by the splitting of J. In the
:quel we denote z = 1) and z, = TAi.

We now proceed with the investigation of O(EA) for z < 0, z, < 0,
= 1(1)k, and arbitrary splittings z = zZ .otz

mple case m = 1. We then have (in (6.3) v = 1 form = 1)

Let us begin with the




11

k k
) Ey =1 - (1=2)R(z}5.005z, ) = 1 = (1=} z,)/ T (1-z.).

1=1 i=1
easily seen that 0 < O(EA) <1 for z, < 0, provided k = 2, More pre-
y, if all z, > 0, then o(E,) -+ 0. On the other hand, if all z, > e
U(EA) - 1.

2

If m > 1, explicit expressions for O(EA) are not available. For the

imit cases we have the following theorem:

EM 6.1. a) For all m 2 1 and k = 2 there holds: lim o(EA) = 0 for
0, i = 1(1)k.
Prall m=1 and k 2 2 there holds: lim O(EA) =1 for z, > ==, i

1(1)k.

1(1)k,

ostituted, we obtain the matrix Sm(O) investigated in theorem 5.1 of

a) The elements of EA depend continuously on z; . If z, = 0, i

That theorem states that o(Sm(O)) = 0.
all z; -+ —», then R(zl,...,zk) and ZR(ZI""’Zk) both tend to zero.
, 1f all 2, > >, the matrix E, tends to the m—th order unit matrix.

A
>roperty holds for all k > 2, a

{. In theory, iterated defect correction can also be applied to other
of splitting methods, e.g., alternating direction methods. The stabil-
inctions R(zl,...,zk) of such methods, however, do not vanish at infin-

see [10]). Consequently, for such methods no IDEC convergence shaill

5 now temporarily assume that indeed O(EA) < 1 for z, < 0, i = 2(1)k

2 1. It then follows from the preceding theorem that for small nega-
:i—values a rapid IDEC convergence will occur, whereas for the larger
:he convergence is expected to be slow. We shall consider this point

‘e detail. The initial approximation ;O in (6.2) reads

~ T
' no = [Ryo,...,RmyO] s

R is defined by (2.3). The fixed point, say %*, is defined by (6.2),

vk - . . . .
1 = (I-9) lV. In section 4 it was pointed out that, in case of equa-

‘. . . ~%k
6.1), the v-th fixed point vector n, can be expressed as




. ~%
1.12) ﬂv = ¢V(TmJ)Y0, v = 1(1)m,

) being the rational function of expression (4.3). Hence, the v—-th initial
~| ~*

. ~0
:eration error, say e, = N, "N, reads

1.13) Eg = [, (tm)) -R" Iy, v = 1(Dn,

', equivalently,

. 14) x 120 = (¢ (mmh) - n (T-w) Vi ly .

v v =1 1 0
; ¢v(z) ~ 1/z, z + —», components of X_]yo belonging.-to large negative
-values are damped. Often, these components (approximations to Fourier co-
ficients belonging to higher harmonics, see the example) are already
nall in the initial vector Yo° Hence, at least in the initial phase of the
ceration, it is expected that the decrease of the iteration error
- [Zj,...,gj], satisfying

1 m

g - 830,
3 governed by the small zi—values. Unfortunately, the speed of convergence
2creases if j increases. This is due to the fact that during the iteration
i tends to lie in subspaces spanned by dominant eigenvectors of S. For
1ese eigenvectors the convergence is slow. Consequently, it is of no use
> perform a large number of iterations. We illustrate this phenomenon in
1e example at the end of this section.

For k = 2 and m = 1(1)4, we computed O(EA) numerically at the set of
»ints (z],zz), z, = -£/4, £ = 0(1)80. Observe that EA(ZI’ZZ) = EA(ZZ’ZI)'
L1 computed ¢ are smaller than one. For almost all fixed values of z5 the

iximal ¢ is found for z, = z,. These maximum values are given in fig. 6.1

1 2°
1ich shows that for small z-values the speed of convergence decreases with

icreasing m. For large negative z-values the speed does not change with m.
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max (o)

Z

< 1 2

o

f T T T T 1 T T T T 1 T T T T T =

20.00 -17.50 -15.00 -12.50 -10.00 -7.50C -5.00 -2.50 0.00
fig. 6.1. maximal o-curves

.ustrative example

.et the integer N > 1, and denote h = 1/(N+1). Let equation (6.1),

. = 2, originate from semi-discretization of u_ = u defined

t x1x1'+ux2x2’

T] x {(xl,xz) |0 < X %X, < 1} with u = 0 on the boundary and initial

.on S(XI’XZ)' Assume that the semi-discretization has been performed
miform grid of size h with second order symmetrical finite differences.

)D matrices J, and J, are then given by J, = I ® A, J, = A ® I, where

1 2 1 2
ytes the unit matrix of order N, A the matrix of order N being defined




l4

ind the symbol ® denoting direct product as defined in [6, p. 216] (a dis-
:ussion of the test-model can be found in appendix 2 of [12]). For the
)resent matrices Ji restrictions (6.5) are easily checked. The eigenvalues

f both Jl and J2 equal

6.16) ~4h " %sin? i, i = 1(1)N.
et ytﬂ](t) denote the £-th component of the solution vector y(t). Then we
1ave
[c+(r=1)N] q -2 . 2 irh 2 jmh
6.17) vy : (t) = Z a, . exp{-4h “[sin —E—uksin if_]t} *
ij=1 *J
sin(imch)sin(jnrh), c,r = 1(1)N,
2 Y [et(e-1)N]
a.. = 4h Z y r sin(inch)sin(jnrh),
1] _ 0
c,r=1
here ygc+(r-l)N] = s(ch,rh). The coefficients aij are in fact the compon-

nts of the vector X—]yo of expression (6.14), and approximate the exact
ourier coefficients
11
gij = 4 j J s(xl,xz)sin(iﬂxl)sin(jﬂxz)dxldxz.
00
ence, 1if |5ij| decreases slowly with i and j, the convergence is also
xpected to be slow, even in the initial phase.
To get some insight in the convergence behaviour of the IDEC, we did
ome experiments for the special initial function [14, p. 127]
sin mx, sin wx 9

1 2
2 70 o <1
(1-2a cos(ﬂxl)-ka ) (1-2a cos(ﬂxz)-fa )

6.18) s(x],xz) =

here Eij = a]+J—2. If o > 1, we expect that the convergerice becomes slower.
e applied (6.2) for m = 1(1)4, each time on 4 subintervals [0,H1] = [0,mt]
or a = 0,0.1 and 0.5. In table 6.1 we listed the number of iterations

ecessary to satisfy




.

6.19) 13- S <o,
) being given in the table. In all experiments N = 10, i.e. h = 1/11. As
1 consequence, the values z,6 = —4Th—2sin2(jﬂh/2), j = 1(1)N (see fig. 6.1)

1
ire approximately lying between —WZT and -4841. The number —ﬂz approximates

:he smallest eigenvalue (6.16). If only the first harmonic is present in
che initial function, i.e. a = 0 in (6.18), the speed of convergence is
ompletely determined by the product of T and this smallest eigenvalue.

it should be observed that in this experiment the initial error €, varies

0
7ith T and m.
T =1/10 T=1/20 T = 1/40 T =1/80
n o8] 1107210741078 [1072|107* 1070 [1072]107%]107® | [ 1072|107 107®
0.0/ 3 9 2 6 2 3 1 3 | 4
1 jo.1|| 3 | 7 | 14 2 | 5 | 10 2 | 4 | 7 2 | 3| 5
0.5|| 4 | 16 | 49 3 | 12| 32 3 9 | 21 2 | 6 | 13
0.0|| 2 7 | 11 2 | 6 8 2 | 4 2 2 | 5
2 [0.1|] 2 7 114 2 1 6 | 10 2 | 5| 8 2 31 6
0.5/ 3 | 13| 44 3 J10]29 (] 3| 8 |20 2 | 6 | 14
0.0/| 3 7 | 12 3 16 |10 2 | 5 2 | 4
3 0.1]] 3 7 | 13 3 |1 6 | 10 3|5 | 8 2 | 5 | 8
0.5/| 3 | 11 | 40 3 1 9 | 27 3 | 8 | 19 3 7 |13
0.0|| 3 13 3 7 | 11 2 | 6 | 9 2 | 5 7
4 0.1} 3 | 8 | 13 3 7 | 12 2 | 6 | 11 2 | 5 | 9
0.5/ 3 | 10 | 37 4 | 9 | 25 4 | 9 |17 ]] 3 8 | 13

Table 6.1. Results of convergence experiment.

lhe results of the convergence experiment show that, despite the damping as
>ointed out in (6.14), the IDEC is rather sensitive with respect to the
1igher harmonics. The experiment also shows that mostly the speed of con-
rergence decreases with the number of iterations (provided o # 0). Because
>f these 2 unwanted phenomena, it seems of less use to apply the IDEC while

lterating until convergence. In the next section we therefore discuss some




ore experiments being performed with a fZxed number of iteratioms, viz.

~1. In this approach we fully rely on the order of the formulas.

. NUMERICAL EXPERIMENTS

.1. The examples used

We shall report numerical results for 3 examples of initial boundary

alue problems for 2-dimensional equations of type (1.1), i.e.

7.1) u, = Fl(t’xl’XZ’ul’ux]’uxlxl) + F2(t’xl’x2’u’ux2’ux2x2)°

he equations have been chosen from 2 test families of parabolic problems
uggested in [11]. We first list the two families (in reduced form), and
hen the 3 examples. In all examples (7.1) ‘is assumed to be defined on
0,1] x {(xl,xz) | 0 < X|5X, < 1}. For simplicity, we confined ourselves to

irichlet boundary conditions.
irst family

2y
Fl(t,x],xz,u,uX ,u ) =u [ux < 4-a(t,x1,X2)] + g(t,xl,xz),

1 %1% 1%

2v
F. (t,x,,Xx, ,u,u_ ,u ) = uu s
2 1772 X, x2x2 X2X2

7.2)

here

a(t,xl,x —2t2(xl-Fsin(2ﬂt)),

5)
2 . . 2
g(t,xl,xz) = t[(xl-rxz)(Z sin(2mt) + 27t cos(Zﬂt))-+2x1x2],
nd solution
x;].

: 2 2 .
u(t,xl,xz) =1+t [(xli-x2)51n(2ﬂt) + X




. family

Fl(t’xl’XZ’u’ux U ) = Yu u T Ez{%ET - 2u'u,
1 171 171
Fz(t,xl,xz,u,uxz,uxzxz) = Yu uxzxz,
jolution
o 12
u(t,x],xz) = o
e 1. The first example, being linear, is defined by equations (7..

) = 0 (the initial and boundary conditions were obtained from the

solution).

e 2. The second example is defined by equations (7.2) with v = 1,

it 1s non-linear.

.e 3. The third example, also being non-linear, is defined by equa

"he problems were semi-discretized on a uniform grid, using second
symmetrical finite differences, with grid size h = 1/(N+1), N = 1
»undary expressions, appearing in the ordinary differential equati
1e internal grid points nearest to the boundary, were evaluated at
(see formula (2.10)). Note that the space errors for examples

)+1
jual to zero.

[he algorithms used

[he basic formula for our IDEC is (2.10) with k = 2. The tridiagon
zes 31 and 32, approximating the partial derivatives afl/ay and 9f
2 point (tv’yv)’ were computed using first order finite difference
se of non-linear problems, this computation was performed only at
a1ing of each IDEC step, hence at the step points tﬂm’ £ =20,1,...

As discussed in the previous section, it is of no use to perform a

number of IDEC iterations. Consequently, we applied the technique




ith a fixed number of m—-1 iterations, so that the order of comnsistency of

he resulting algorithm is equal to m. Observe that for m = 1 we thus applied

he LOD formula (2.10) with k = 2.
To be able to compare the results of the various algorithms we need a
easure, say ce , for the computational effort per integration step of

ength T. It is convenient to express ce in the effort of the LOD method.

herefore, we set ce, = 1. We now assume that the effort of 1 IDEC itera-

1

ion, using m points, is equal to 2*m=*ce, = 2m. This is justified by the

1
bservation that the defect calculations require the evaluation of a deriva-

ive and a weighted sum (3.9). Consequently, we have ce = 2m-1. The compu-

1 and J2 has

een left out of consideration. For non-linear problems this favours the

ational labour involved in the calculation of the matrices J

chemes where m is small, especially the LOD formula, because it integrates
'ith matrices being updated every integration step. This will influence the

ccuracy and stability of the formula.
.3. The results

The 3 examples were integrated with all algorithms, i.e. with m = 1(1)4,
or T = 1/12, 1/24, 1/48, 1/96. In the tables of results one finds, for

=0.5and t = 1,

—lolog(maximum over all grid points of the absolute
errors at the point t),

ae =

sce =ce *t/T.
m m

n the tables the symbol * means instability.

Table 7.1 (ae,scem) - values for example 1.
t = 0.5 t =1
J 1 2 3 4 1 2 3 4
/1211.73,6 2.13,18 |2.43,30 [2.73,42 0.96,12 |1.36,36 |1.81,60 |2.07,84
/2411.94,12 |2.51,36 [2.89,60 [3.12,84 ||1.16,24 |1.76,72 |2.23,120(2.46,168
/4812.18,24 |2.87,72 |3.27,120{3.49,168||1.42,48 12.15,144|2.61,240|2.84,336
/96(2.46,48 [3.21,144]|3.67,240]/3.92,336||1.69,96 [2.51,288{3.02,480|3.28,672




19

dicate that the following conclusions are justified:

]e

Table 7.2 (ae,scem) - values for example 2.
t = 0.5 t=1
N 1 2 3 4 1 2 3 4
1/12|1.67,6 0.83,18 * ,30 * ,42 0.36,12 * ,36 * ,60 * ,84
1/2411.83,12 |1.97,36 * ,60 * ,84 0.99,24 * ,72 * ,120 * ,168
1/48(2.06,24 |2.57,72 |2.53,120(1.60,168||1.25,48 * , 144 * ,240 * ,336
1/96|2.34,48 |2.95,144(3.37,240(3.69,336{|1.49,96 |1.72,288 * ,480 * ,672
Table 7.3 (ae,scem) - values for example 3.
t = 0.5 t =1
U 1 2 3 4 1 2 3 4
1/1211.67,6 2.07,18 |2.39,30 |1.50,42 1;76,12 2.17,36 {2.50,60 * ,84
1/24]1.89,12 |2.39,36 |2.74,60 |2.97,84 1.98,24 |2.48,72 |2.84,120(3.06,168
1/4812.13,24 12.71,72 {3.10,120|3.34,168 2.22,48 |2.81,144(3.21,240(3.45,336
1/96(2.39,48 |3.05,144|3.52,240|3.78,336 2.48,96 |3.15,288|3.63,480]3.89,672
The results of the computations, given in tables 7.1-7.3, clearly in-

. For non-linear problems the IDEC formulas are less stable than the LOD

formula. This conclusion is justified by the results for example 2, and

the result for example 3 obtained for T =

however,

gration step.
Nevertheless,

expected that

that

the LOD formula is more stable.

1/12 and m =

4., We emphasize,
the LOD formula updates the Jacobian matrices every inte-
In practice this is very costly and will seldom be done.

if the updating is not performed every step, it is still

. In case of stable computations the results become better with increasing

m. This can be immediately verified by putting the (ae,scem)-values of

examples 1, 3 in an accuracy-efficiency diagram. Between succeeding

values of m the improvement is not large. If we compare the results

obtained for m =

4 with the results obtained by the LOD formula, how-

ever, the improvement is significant. Let us, for example, consider the




results given in table 7.1 for t = 1. Now, if we assume that further
halving the stepsize in the LOD formula also halves the error - for T
small enough this is inevitable - we can write down the following

(ae,scel)—values:

1.99,192
2.29,384
2.59,768
2.89,1536
3.19,3072

It is immediately seen that the corresponding m = 4 - results are signi-
ficantly better.

The order of consistency of the IDEC formulas cannot be recovered from
the results (note that in example 1 the space errors are equal to zero;
further, from the experiments described below it can be seen that in the
errors of table 7.3 the time integration errors clearly dominate). To
indicate that this phenomenon is probably not due to the defect correc—
tion, but Zwherent in the collocation schemes, we performed two further
experiments. We integrated examples 1, 3 with the m = 4-formula, using

T =1/24, 1/48 and 1/96, but now performing 10 IDEC iterations in

order to obtain a numerical approximation more closely to the colloca-

tion approximation. The ae-values obtained at t = 1, are given below:
T | 1/24 | 1/48 | 1/96
example 1 3.18 | 3.67 4.33

example 3 | 3.95 | 4.39 | 5.04

All errors are significantly smaller than the corresponding errors of
the preceding experiments. Again, however, the order p = 4 can not be
recovered (this will be the case after an unacceptable decrease of T).
As in all computations the inequality ﬂnlo-nzﬂm < IOjae, v=1(11/1,
was satisfied, we believe that the effective order of the collocation
schemes itself - when applied to semi-discrete parabolic equations with

realistic stepsizes - is significantly smaller than the theoretical
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'der. The reader should observe that this conclusion is in disagree-

snt with the results reported in [3, section 6].

jummarizing our conclusions: when compared with the basic LOD formula
JEC formulas are more efficient, especially the higher order omnes

.ded they remain stable when integrating non-linear problems). A dis-
\tment is that the effective order of the formulas is significantly

sr than the theoretical order when considering realistic stepsizes.

se this may imply that the additional computational effort, needed to

1 the higher theoretical orders, is better used when integrating - using
lvely small stepsizes - with a simple second order splitting method,

1s the method of alternating directions or the line hopscotch method
These methods also possess unconditional stability properties and are
-ationally attractive (per integration step). Some results of the line
stch method, applied to examples 1, 3, are given in appendix 3 of [12].
>ears that for example | our m = 4-formula is slightly better, whereas
1e non-linear example 3 the line hopscotch method is to be preferred.
tunately, if we apply defect correction to the line hopscotch method,

> ADI method, the resulting schemes do not possess unconditional stabi-

>roperties (see the remark in section 6).
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jix 1. SOME KNOWN RESULTS ON THE COLLOCATION METHODS

>olynomial collocation methods for initial value probl
linary differential equations form a subclass of the w
:it Runge-Kutta methods [5, 13]. In case of the grid o
this equivalence is not difficult to show. Let P*(t)
ion polynomial of theorem 4.1. From (3.9) we have

m

Z w KP*(tK), v = 1(1)m.

* o000y o =1
() () =1 Lo

* _ % * _ * .
P (tK) =N, and (P ) (tv) f(tV,P (tv))’ then yields

m .
* *
KZO W\)KUK Tf(t\)snv)s v = l(l)m:

juivalently,

m
* *
KZI LA B AT 4 + Tf(tv,nv), v = 1(1)m.

the invertability of the weight-matrix

W= (w )

Yok v,k=1(1)m’

he identity

-1 _ T _
W WO = -E, WO = [WIO""’WmOJ , E=1I[1,...
unge-Kutta formula (4.1) is obtained:
* m - *
n, =Yg + T KZ] wVKf(tK,nK), v = 1(1)m.

applied to the scalar, stability test-equation

1

s' = s, t >0, s(0) = $0» A e C,

formula yields the expressions




a ratiomnal

e of [13], i
¢v(Z) =
the coeffic

(x-

[ =

(x+
1

(L= =

r
ility functi

L ¢m.

For m = 2 (
*.—
[ T
*—
Ny = Yo

:tions ¢v are

-
—
—~
N
~
|

-
N
~
N
~
|

z =mtA, Vv = 1(1)m,

on satisfying ¢v(z) ~ 1/
be shown that

m
'a 2" r)/( Z r' b 2"
£,V r=0 r

a and b are defined
T,V r

m
/m) = ) a x .

the implicit Runge-Kutta

‘eads
. *xy l_ *

. *
.tl’nl) °®

+ =

+ |-

w

he

:ional




A. 2.1.

dix 2. A DESCRIPTION OF A TEST MODEL FOR SEMI-DISCRETE
TWO-DIMENSIONAL PARABOLIC EQUATIONS
< 1} with boundary 6Q.

Let Q denote the unit square {(xl,x2)|0 < X.,,X

1°72
der the initial boundary value problem
u =u +u . (t,x,,x,) € (0,T] x Q.
t X X, XX, 1°72
) u=20 on &Q.

u = S(XI’XZ) at t = 0.

le that the initial function s can be expanded in a 2-dimensional

.er series. Thus we have

—r2i%+ %)t

u(t,xl,xz) = Z_ aije 31n(1ﬂx])s1n(3wx2),
1,3=1
11
aij =4 J J s(xl,x2)31n(1ﬂx1)31n(3nx2)dxldx2.
00

Now, impose a uniform grid of size h=1/(N+1), on 2 u 6Q. Let U r(t)
c
:e the approximation for u(t,xl,xz) at the grid point (XI’XZ) = (ch,rh),

= 1(1)N, which is obtained from replacing ux]x by standard

+ u
1 X%
strical finite differences. Further, let y denote the N -dimensional

>r function

T

)
2) (U, 15Uy seeesUygsesssl 1,

lr,Uzr,...,UNr,...,UlN,UZN,...,UNN
lefine Yo = y(0). The semi-discrete version of (A2.1) is then given by
3) y' = Jy, t € (0,T], y(0) = Yo»

> J is the N2—th order matrix




A2.2
J=1I®A+A®I,

ith I being the unit matrix of order N, A the matrix o

ing gi
y
f_o , -
1Lo-2. L
A=n? SN ,
T -2 T
- ] —2-
nd the symbol ® denoting direct product as defined in
Now, if we define
J =184, J,=Ael,
e have the LOD matrices of (A2.3). These matrices are . to sa
sfy restrictions (6.5). Firstly, from direct product p follo
hat J1 and J2 commute. Because they are also simple, t et of
linearly indeperdent right eigenvectors in common [6 econdl
he symmetry and negative definiteness of J1 and J2 fol ely fr
heir definition.
Let XA and AA denote the eigensystem and eigenvalu A, i.e

= _l 1
X,A X, 1. From the relations [6, p. 258]

1

J| = (I®XA)(I®AA>(I®XA)_ ,
J, = (XA®I)(AA®I)(XA®I)_],

nd the commutativity of I @ XA and XA ® I, it follows
(XA®I)_I(I®XA)_]J1(I®XA)(XA® I) = Ieh,,
(XA®I)_1(I®XA)—1J2(I®XA) (X,®I) = A, ®I




, the
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the we

ts cor

not d
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the ¢

expre

onentw

A2.3
. eigensystem X of Ji and J is
I@XA)(XA®I).
trix A of J is
®AA + AA®I.
wn expressions for the i-th eigenvalue of A,
2 imh

sin 5

ding eigenvector
. . . . . T
irh),sin(2ith),...,sin(Nimh)]",

1t to see that the eigenvalues of J are expressions of

[sin2 imh o, sin2 J%E],

nts of the corresponding eigenvector are given by
mch)sin(jnrh), c,r = 1(1)N.

are immediately recognized in the exact solution of (
s defined by (A2.2)):
2 ith . . 2 jmh

N
) = ) a.. exp{-4h 2[sin —— + sin
F 1] 2

5 Jt} =

sin(imch)sin(jnrh),

N
4h> T s(kh,rh)sin(imch)sin(jnrh).
c,r=1




A2,

. . . -1
fficie f are in fact the 1ents of the vector X Y
mate t ict Fourier coeffic -a_li.. The eigenvalues (A!

ng in 'y are approximatic - (i2+j2).




A3.1

dix 3. SOME RESULTS OF THE LINE HOPSCOTCH FORMULA

For reasons of comparison we also performed some experiments with an

mentation of Gourlay's line hopscotch formula, which is described in
With respect to computational effort per integration step this imple-

\tion is comparable with our implementation of the LOD formula (2.10).

; the measure of section 7.2, we can set ce ug = 1 for linear problems

= 2 for non-linear problems. With this measure we only count the

e
arLgi functions evaluations. We observe that for linear problems the

»r of tridiagonal inversions of the LHS implementation is half the num-
f inversions used by the LOD implementation. For non-linear problems
are equal. Hence, our measure is slightly in favour of the LOD imple-
ition.

We integrated example 1 with the LHS implementation using the stepsize
|/84, 1/168, 1/336, 1/672, and example 3 with T as twice as large. By
choice - using our measure - the total computational effort of the
implementation equals the total effort of the m = 4-formula, as used in
ion 7. Because we compare the LHS results with the results of the m= 4-
1la, the tridiagonal Jacobian matrices, required by the LHS implementa-
, were computed every 4 integration steps. The (ae,sceLHS)—values at
).5 and t = 1 are given below. For example 1 the IDEC results are

1tly better, whereas for example 3 the line hopscotch method is to be

sarred (see the m = 4-results in tables 7.1 and 7.3).

example 1 example 3

o~ o5 1 o~ 0.5 1
1/84 |1.99,42 |1.55,84 1/42 13.36,42 |3.68,84
1/168|2.60,84 |2.16,168 1/84 |3.98,84 |4.33,168
1/336(3.20,168(2.77,336 1/1684.70,168|5.22,336
1/672(3.81,336(3.37,672 1/336|5.72,336/5.36,672
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